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Abstract 

The geometry of five-dimensional Kerr black holes is discussed based on geodesies 
and Weyl curvatures. Kerr-Star space, Star-Kerr space and Kruskal space are nat- 
urally introduced by using special null geodesies. We show that the geodesies of 
AdS Kerr black hole are integrable, which generalizes the result of Frolov and Sto- 
jkovic. We also show that five-dimensional AdS Kerr black holes are isospectrum 
deformations of Ricci-flat Kerr black holes in the sense that the eigenvalues of the 
Weyl curvature are preserved. 
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1 Introduction 



Black holes have attracted renewed interests in the recent developments of string theory 
and Riemannian geometry, such as the AdS / CFT correspondence ^ and a certain relation 
between compact Einstein manifolds and black holes [2] [H] [I] [5]. These developments 
motivate us to study the geometry of black holes especially in four-, five- and seven- 
dimensions among higher dimensional black holes. 

This paper is devoted to a first step to investigate the global geometry of five-dimensional 
Kerr black holes constructed by Myers and Perry jEJ, and Hawking et al [Zj. For four- 
dimensional Kerr black holes, a valuable textbook 8J written by B. O'Neill from math- 
ematical point of view has been published. In the textbook, the differential geometry 
based on special null geodesies (principal null geodesies) were fully analyzed. Following 
the textbook we try to generalize the analysis to five-dimensional black holes. In this 
paper we do not stick to mathematical completeness, but develop some key points of the 
geometry; integrability of geodesies and curvature property. These points were studied in 
the previous works [5| and JU] > however, our method is different from them. In addition, 
AdS black holes have not been discussed in the textbook. We show that five- dimensional 
AdS Kerr black holes are isospectrum deformations of Ricci-flat Kerr black holes in the 
sense that the eigenvalues of the Weyl curvature are preserved. 

This paper is organized as follows. In the next section, we examine the curvature 
property of five-dimensional black holes. We show that a linear map on two-forms con- 
structed from Riemannian curvature is diagonalizable, and derive the eigenvalues and the 
degeneracy. In section 3, we examine the integrability of geodesies based on the Euler- 
Lagrange equations. The section 4 is devoted to the global analysis of five-dimensional 
Kerr black holes. In the last section, we generalize the analysis to the case with cosmolog- 
ical constant. We show the integrability of geodesies and examine the curvature property. 
In appendix A, the analysis on the four- dimensional AdS Kerr black hole is given. 

While this paper was in preparation we received ^T] which overlaps with the result 
on the integrability of geodesies on the five- dimensional AdS Kerr black hole. However 
their result has been obtained using a different approach. 
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2 5- dimensional Kerr Black Holes 



Let us write the Ricci flat metric for the 5-dimensional Kerr black hole [Hj in the Boyer- 
Lindquist coordinates (t, 0, if), r, 9); 

g BH = -dt 2 + ^-dr 2 + p 2 g S 3 + (a 2 - b 2 ') (sin 2 9 'defy 2 + (b 2 - a 2 ! ) (cos 2 9 'd^) 2 

+ — (dt- asm 2 9d(f)-b cos 2 9dip) 2 , (2.1) 
P 2 

where 

p 2 = r 2 + a 2 cos 2 9 + b 2 sin 2 9 , (2.2) 

Ar= ( r!± o^ !± 6 ! )_ 2m (23) 

The non-negative parameters a, 6 and m correspond to angular momenta and mass, 
respectively. The metric #s 3 is given by 

3 S 3 = d9 2 + sin 2 9d(f) 2 + cos 2 9dip 2 (2.4) 

with the ranges < 9 < tt/2 and < <f>, if) < 2tt. If we introduce an orthonormal 
coordinate (x, y, z, w); 

x = sm9cos<f>, y = sin 9 sin <f> , z = cos 9 cos if) , u> = cos 9 sin ^ , (2.5) 

then 

g s s = dx 2 + dy 2 + <fc 2 + <iw 2 , (2.6) 

which represents the standard metric on a three-sphere S 3 . Also, the one-forms sin 2 9d(f> 
and cos 2 9dip in the metric ()2.4|) are written as 

sin 2 9d<f) = xdy — ydx , cos 2 9dip = zdw — wdz , (2.7) 

and hence these are well-defined as one- forms on S 3 . Thus gnu can be regarded as a 
metric on the Lorentzian space 

M = R 2 + x S 3 - H , (2.8) 

where R 2 + = {(t,r) | t E R,r e The horizon - f x S 3 defined by A r = is 

removed from the space since p 2 /A r — > oo on f/\ The equation A r = has two positive 
real roots r = r±, 

r 2 ± = ~ ^2m - a 2 - 6 2 ± ^2m - (a - 6) 2 ) (2m - (a + 6) 2 ) j (2.9) 



in the region m > (a + b) 2 /2. We have three open sets I, II and III (called Boyer-Lindquist 
blocks) of M: 

I : r + < r , II : r_ < r < r + , III : < r < r_ . (2.10) 

It should be noticed that three-dimensional submanifolds M\q=q and M\g =7T /2 are time- 
like totally geodesic, while two-dimensional submanifold M| ti< ^ =const is space-like totally 
geodesic. This can be seen from calculations of the Christoffel symbol; Y v oc sin 29 and 
r* =0 (i — t,<f>,if)), where fi and v run the tangential indices to the submanifolds. 

Let us calculate the Riemannian curvature of the black hole metric. It is convenient 



to use the following orthonormal frame {e a }(a = 1,2 

i r„ ( d . „a\ 6s 



ei 



e 2 



e 3 



e 4 



e 5 



rp sin 9 
1 

rp cos 9 
y^e d 



S 6 



•9 • 2 /, ^ I 



<9 7 2„d 



S a E fe + rp 



5) dm ng : 



9 9 

a sin 2 0— 6 cos 2 9— 

dip ocp 

d d 
a sin 2 9— b cos 2 9— — 



i_a 



<9r 



(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 

= Vab 



where E a = y/r 2 + a 2 and E& = \/r 2 + b 2 . The inner product is given by (e a , eb), 
with r] ab = diag(— e, +1, +1, e, +1). The time-like vector is t\ in I U III, while e 4 in II, so 
that we choose e — 1 in I U III and e — — 1 in II. 

The Riemannian curvature R ab c d m &y be regarded as a linear map (curvature trans- 
formation) on two-forms A 2 (M). Then, the matrix R : A 2 (M) — > A 2 (M) is of the form 

pad 



2rrar 2 f)ab 

(a, 6) \ (c, d) 


Explicitly, non-zero components of R ab c d 
(1,2) (1,3) (1,4) 


are given as 
(1,5) (2,3) 


(1,2) 


-1 + I 2 - J 2 -2IJ 




(1,3) 


-2IJ -1-I 2 -J 2 




(1,4) 


3 - I 2 - J 2 




(1,5) 




1 + I 2 + J 2 


(2,3) 




1 + I 2 + J 2 


(2,4) 




-2el 


(2,5) 


-41 




(3,4) 




2eJ 


(3,5) 


4J 




(4,5) 


-2el 2e3 
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(a, b) \ (c, d) 


(2,4) 


(2,5) 


(3,4) (3,5) 


(4,5) 


(1,2) 








2el 


(1,3) 








-2eJ 


(1,4) 




41 


-4J 




(1,5) 


2el 




-2eJ 




(2,3) 










(2,4) 


— 1 + I 2 — J 2 




-2IJ 




(2,5) 


1 


- 3I 2 + J 2 


4IJ 




(3,4) 


-2IJ 




-1 -I 2 + J 2 




(3,5) 




4IJ 


1 + I 2 - 3 J 2 




(4,5) 








-1 + I 2 + J 2 



where 



I 



acos6> S a r + £ 6 p 



6 sin # E^r + £ a p 



(2.16) 



(2.17) 



r S a S 6 + rp ~ r S a S 6 + rp 

We find that the 10 x 10 matrix R ab C( i is diagonalizable and the eigenvalues depend on 
the combination K 2 = I 2 + J 2 as 



2 
2 
2 



Ai 
A 3 



2mr 2 



9n 2m 



2mr" 



P' 
2m 



,6 



-1 + K 2 + 2 V / -K 2 ) 



(p 2 - 2r 2 + 2rrvV - r 2 ) , 



A 4 = 



P' 

2mr 2 

2m 



-1 + K 2 -2V-K 2 ) 



A, = 



(2 - 2K 2 + Vl - 14K 2 + K 4 ) 



P 
2mr 2 



(2.18) 
(2.19) 

(2.20) 

(2.21) 



p u 
2m / 



(-2p 2 + 4r 2 + yj (r 2 - (7 + 4 v / 3)(p 2 - r 2 ))(r 2 - (7 - 4V3)(p 2 - r 2 ))) , 

(2.22) 



A fi 



2mr' 



(2 - 2K 2 - VI - 14K 2 + K 4 ) 



(7 + 4V3)(p 2 - r 2 ))(r 2 - (7 - 4V3)(p 2 - r 2 ))) , 



(2.23) 



where the number in the left hand side represents the degeneracy. 

The curvature invariants tr(i? n ) (n = 1, 2, 3, ...) can be simply written as 

* /?m\ n 

tr(ir) = 2 J2(^r + (^r + (^r = — ^(r 2 , &) , (2.24) 

t=l \ p J 

where P n is an n-polynomial with respect to r 2 . For example, we have 

Pi = 0, (2.25) 
P 2 = 6r 4 (3K 2 -2)(K 2 -3) , (2.26) 
P 3 = -24r 6 (K 2 - 1) (K 4 -6K 2 + l) . (2.27) 

The invariants are finite for ah ^ 0. However, when we extend the square of the radial 
coordinate r 2 to a negative region, a singularity appears at p 2 = 0, i.e. r 2 = —a 2 cos 2 9 — 
b 2 sin 2 9. 

For the two-dimensional subspace 11^ spanned by {e a ,ef,}, the sectional curvature is 
defined by K(Tl ab ) = 7] bb R abab . We find from pTfijl and pl3]) - (|2~2l]l the following relation 
between the sectional curvature and the eigenvalue with degeneracy 2: 

K{U 15 ) = K(U 45 ) = -ReA 3 = -ReA 4 , (2.28) 
K(U 23 ) = A x = -A 2 . (2.29) 



3 Geodesies 

In this section, we examine geodesies and show the integrability of them. The integrability 
of geodesies has been shown in [H] by using Hamilton- Jacobi formulation, while we work 
in the Euler-Lagrange formulation. 

The geodesic equations are given by the Euler-Lagrange equations. From the metric 
()2.1|) we obtain a Lagrangian 



1 dx a dx 

L = 

where 



2m 

g a = -l + —, (3.2) 



P 2 



2am sin 9 

9t<t> = n , (3.3) 

p 2 



2bm cos 2 9 

9ty = n ' ( 3 - 4 ) 

p 2 



2abm cos 2 9 sin 2 9 
? 



(3.5) 



■ 2 n ( 2 , 2 . 2ma 2 sin 2 9\ 

- sm z 6> I r z + a H — J , (3.6) 

,„/, l2 2mb 2 cos 2 9\ ln _. 

^ = cos 2 # (r 2 + 6 2 + -J J , (3.7) 



P 2 



(3i 



A, 

p 2 . (3.9) 



The metric has three Killing vector fields { J^, -J^, -§x}, and hence there are three conser- 
vations Lf, L,/, and L^. In addition, we have a "total energy" Q corresponding to the 
Hamiltonian. Let us write a geodesic as j(s) = (t(s),<p(s),ip(s),r(s),9(s)). Then the 
conservations above are given by 

^ = (7,|), ^ = <7,^>, ^ = <7',^>, Q=<7,7'>, (3.10) 

where 7' = and (•, •) represents an inner product with respect to the black hoke metric. 

In addition, there exists another conservation generalizing the Carter constant in the 
four-dimensional Kerr black hole [TB*] . 

Theorem 1. (see also 9\) 

There exists a constant K for a geodesic 7 satisfying 

P 4 (Tf + fl(r) = , (3.11) 



, ds 

Wt 1 ) +e(0) = o, (3.12) 



where 



L 2 L 2 

= (a 2 sin 2 + 6 2 cos 2 #)L 2 + — £- + —t~ - (a 2 cos 2 9 + b 2 sin 2 9)Q - K , (3.13) 

sin cos 2 9 

R=^ + R + r 2 R 2 + r 4 R 4 . (3.14) 



The coefficients are explicitly given by 

EU = —Q — T\ , (3.15) 
R 2 = -2(a 2 + b 2 )L 2 + Q(a 2 + b 2 - 2m) + if , (3.16) 
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R = -(a 4 + b 4 + 3a 2 b 2 )L 2 - (a 2 - 6 2 )(Lj - L%) - AmL t (aL^ + bL^) 

-a 2 b 2 Q + {a 2 + b 2 -2m)K , (3.17) 
R_ 2 = - a 2 b 2 (a 2 + b 2 + 2m)L 2 - b 2 (a 2 - b 2 + 2m)Lj - a 2 (b 2 - a 2 + 2m)L 2 

-4a6m (L^bL^ + aL^) + L^L^) + A"a 2 6 2 . (3.18) 



Proof 

For simplicity we prove this theorem in a special case; the totally geodesic submanifold 
iV = M| 4j 0^ =cons t.. The metric restricted to N is given by gjy = ^-dr 2 + p 2 d6 2 . The Euler- 
Lagrange equations are 



d ( p 2 dr 



ds \ A r ds 

,d6 
ds v ds 



d 



dr V A 



dr \ z <9p 2 / d# 



5 



09 V A 



ds 

dr 
ds 



+ 



— 



<9r \ds 

2 df_ fd^ 1 
+ 86 \ds 



From ()3.20|) . we have 

d ( d8 



i-A^A = -if (| 



ds \ ds 
By using the conservation 



/d0 



1 



A r V ds 



dr 



P T- + -J- 



d#Y 



- 



ds 7 



the equation (|3.21j) can be transformed to 

2 i 



_d_ 

ds 



P 2 ?) --Q(a 2 -6 2 )cos2# 
ds "'' 



which yields 



where A" is an integration constant. It is easy to show that 



( dr 



yds 



A r Q{r 2 + 



a 2 + b 2 . 



K 



(3.19) 
(3.20) 



(3.21) 



(3.22) 



(3.23) 



(3.24) 



(3.25) 



The equations 1)3.24)1 and (j3.25j) give the first-order geodesic equations on N, which are 
identical to the theorem specialized to the case L t = = = with a trivial constant 
shift of K. Using similar arguments we can prove the theorem in the general case, although 
the calculation is complicated. □ 
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4 Maximal Extension of Kerr spacetime 

Let us consider special geodesies 7r° ut (s) with constants (where 6 is an arbitrary constant) 

L in 

Q = , L t = —1 , Lfj, = a sin 2 9 , = b cos 2 , 

AT = 2(a 2 sin 2 fl + & 2 cos 2 fl) (4.1) 

for which = and R(r) = — p 4 : 
where 

V = ( r 2 + a 2 )(r 2 + #)! + a (r 2 + b 2 )^- + b(r 2 + a 2 )^- . (4.3) 

ot a0 dip 

For the limit r — > oo, 7' ut — > + J^, which represents an outgoing (or ingoing, 

in 

respectively) null geodesic in the Boyer-Lindquist block I. The direction of the geodesic 
7 rout coincides with e\ ± e 4 , 

in 

4 + ^=vfc (ei±ei) - (4 - 4) 

It should be noticed that the ingoing null geodesic 7 in coincides with the Kerr-Schild null 
geodesic given in 0. 

We introduce a new coordinate (Kerr-Star coordinate) defined by 

t* = t + T(r), (4.5) 
(p* = <p + A(r) , (4.6) 
ij* = ij + B(r), (4.7) 

together with r* = r and #* = 6, where 

r(r)= | (r' + ff(r' + *V ( , 8) 

r 2 + < 
r 2 A r 

Then, the null geodesies are written as t 



B(r)= / h{T \\ a2) dr . (4.10) 



7( n = -^r, (4.11) 



dr* 



tNote that = £ - j^-V, although r- = r. We have also = = 



Ill 










r=o\ 


r - II 




r + 1 ' 


i 













Figure 1: Kerr-Star space M* . Horizontal lines crossing the horizons represent ingoing null 
geodesies, while vertical lines outgoing null geodesies. Ingoing null geodesies run from r = oo 
to r = 0. Outgoing null geodesies in the Boyer-Lindquist block I(III) run from r = r + (r = 0) 
to r = oo (r = r_); the radial coordinate increases since A r > 0. In the block II, outgoing null 
geodesies run from r = r + to r = r_; the radial coordinate decreases since A r < 0. 

The metric in the Kerr-Star coordinate is given by 

g BH = gijdx^dx^ + g eg de 2 + 2dt*dr - 2a sin 2 9drd<p* - 2b cos 2 6drd^* ,(4. 13) 

i,j=t,4>,il) 

where the components gij and geg are same form as ones written by the Boyer-Lindquist 
coordinate (see (j^H) or (j3~2 |) -(j3~9 |0 . 

The dangerous term at the horizon, g rr oc 1/A r , is absent, and so gBH is extended to 
the metric g* BH on the space M* = M 2 xS 3 (see figure |TJ). The outgoing null geodesic 7 out 
is not defined on H. However, multiplying the factor r 2 A r /2 with the right hand side in 
(I4.12J) . we have a vector field 

r 2 A d 

X ' = -^t + V, (4.14) 

which is defined on M* including H. Thus, one may understand the outgoing null geodesic 
7 out as an integral curve of X* . On the surface r =constant, the determinant of g^| r = C onst. 
is calculated as — p 2 r 2 A r sin 2 9 cos 2 9, so that the restricted metric is degenerate if A r = 0, 
i.e. the horizons H± = H\ r=r± are null hypersurfaces. At H±, X* in ()4.14J) reduces to the 
Killing vector fields 

V ± = V\ r=r± = (r 2 ± + a 2 )(r 2 ± + b 2 )^ + a(r 2 + b 2 )^ + 6(r 2 + a 2 )^- . (4.15) 

The vector fields V± are tangential to H± and also perpendicular to H±. The integral 
curves of V± generate the horizons, which become totally geodesic null hypersurfaces in 
M*. 
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r=0 / ' 


X- II 




r+ I , 




Ill 











Yout 



Figure 2: Star- Kerr space *M. Horizontal lines crossing the horizons represent outgoing 
null geodesies, while vertical lines ingoing null geodesies. Star-Kerr space is opposite to the 
Kerr-Star space in these respects. 

If we introduce a coordinate (Star-Kerr coordinate), 

*t = t-T(r), = (j) - A(r) , *<0 = - B(r) , *r = r , *9 = 9 (4.16) 

instead of the Kerr-Star coordinate (T, A and B are the same functions as (j4.8jl . ()4.9j) 
and (|4.10Jl ). the null geodesies are given by 

i^-^ + 7k Virh (417) 

7o„. = ^-- (4.18) 

Then, we obtain a metric 

g BH = ^ 9ijd *x i d *x j + g ee d9 2 - 2d *tdr + 2a sin 2 9drd *<p + 2b cos 2 9drd *V> , (4.19) 

which differs from ()4.13j) only in the last three terms. The Star-Kerr space *M = M^xS 3 
is related to the Kerr-Star space M* by the following isometric mapping / : *M — > M*; 
*t = —t*, *(p = -</>*, *ip = —ip* together with *r = r* and *9 = 9* (see figure^. 

We may write the black hole metric in terms of the Kruskal coordinates (u ± , v , (p^, ip^, ( 
These coordinates are defined on the regions D{r±) (see figures El IH and EJ) ; the relation 
between Boyer-Lindquist and Kruskal coordinates are given by 

|m ± | = exp[K ± (T(r) - t)] , (4.20) 
\v ± \=exp[K±(T(r)+t)} , (4.21) 

= 4>-^T2, (4-22) 
r± + a 1 

^^-i ( 4 - 23 ) 
r± + b 2 



11 



nr 











T=0\ 


r_ ir 

»■ 




r + r , 













(1) 



Tout 













r=0/' 


< r - ir 




r+ I' i 

4 




HI" 


■* 









(2) 



CO 

Yout 



Yin" 



Figure 3: Kerr-Star 1 space and Star-Kerr 1 space. Kerr-Star' space (1) (Star-Kerr' space 
(2)) is defined by reversing the directions of ingoing and outgoing null geodesies of Kerr-Star 
space (Star-Kerr space, respectively). 



II 


r+ I 


r+ 


r+ 


r 


r + II' 



oo r_ 
D(r + ) 



n ' r_ 

r_ 


III' 


" HI 


r_ 

r " II 



D(r_) 



Figure 4: Kruskal spaces D(r±). 
Kruskal spaces D(r±) are building blocks of the maximal extension (see figure 5). Dot • at 
the center represents the crossing three-sphere S 3 (r-|-). 
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Figure 5: Maximal extension. Each row corresponds to a Kerr-Star(') space while each 
column a Star-Kerr(') space. The Boyer-Lindquist block III (or III') is extended to a negative 
region of the square of radial coordinate r 2 |S] , which is depicted in gray. The wavy lines in III 
(or III') represent curvature singularities defined by r 2 = —a 2 sin 2 9 — b 2 cos 2 9. 
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where the constants 



K± 



r ±( r ± — r \ 



( r 2 +a 2)( r 2 +6 2) 

are the surface gravities of the horizons H±. The integral (|4.8jl is calculated as 



T(r) 



r + 



2k. 



log 



r — r i 



r + r + 



+ 



2k_ 



log 



r + r_ 



Then the radial coordinate r = r(u v ) is given implicitly by 



u ± v ± 



r — r± 



G±(r) V r + r± 



where 



± 



r — r q 



r T /r± 



exp(— 2k±t) 



(4.24) 



(4.25) 



(4.26) 



(4.27) 



r + r T 

are non-zero analytic functions on D(r±). Note that two hypersurfaces u — and 
v 1 * 1 = express the horizons, which cross at the region -D(r±) | u±= „ ±= o — 5 ,3 (r-t) (crossing 
three-sphere). The Killing vector fields V± on the horizons become 



V± = K±{r 2 ± + a 2 ){r 2 ± + b 2 



-u 



± 







d 



du^ 1 dv ± 

in the Kruskal coordinate. It follows that the crossing spheres are fixed sets of V±. 
On D(r + ) the metric takes the form, 



(4.28) 



9bh 



4 4 

r p 



4 4 

r+P+ 



G\ (r + r + ) 3 (r 2 — r 2 ' 
44 (r - r + )r 2 p 2 V ( r2 + « 2 ) 2 (r 2 + & 2 ) 2 (r 2 + a 2 ) 2 (r 2 + 6 2 ) 2 
x (u +2 ^ +2 + V +2 rf M + 2 ) 



G , (r + r_i_) 2 (r 2 — r 2 



2k 2 



4 4 

r p 



+ 



4 4 



(r 2 + a 2 ) 2 (r 2 + 6 2 ) 2 (r 2 + a 2 ) 2 (r 2 + 6 2 ) 



du + dv 



G 2 + (r + r + Y(a 2 b 2 p\ + a 2 (r 2 + 6 2 ) 2 r 2 sin 2 6 1 + b 2 {r\ + a 2 ) 2 r 2 cos : 
+ 44 r 2 p 2 (r 2 + a 2 ) 2 (r 2 + 6 2 ) 2 

x (u + dv + - v + du + ) 2 
+ aG ± (r + r+)V + a 2 + ft) ^ ^ +(uW _ „ +(fo+) 



+5 , S 3 (r+) 



p 2 (r 2 +6 2 ) 



where pi = r 2 . + a 2 cos 2 9 + b 2 sin 2 # and the last term 



gs3( r+ ) — /J gijdx l dx^ + p 2 d9 2 



(4.29) 



(4.30) 
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(gij are the same functions as (|3.5|) - (|3.7Jl ) gives a metric on the crossing sphere S 3 (r + ). 
In this coordinate, S 3 (r + ) becomes a totally geodesic submanifold of D(r + ). The metric 
on D(r-) is given by replacing plus indices with minus indices. If we put a = b = 
(Schwarzschild metric), for which we have r + = 1/k+ = \j2m and r_ = 0, then the 
metric reduces to 



g B H = 2m 1 



with 



2m 



exp ( -\J^-r J du + dv + + r 2 (d6> 2 + sin 2 6d(j) 2 + cos 2 9dip 2 



(4.31) 



r - V2m \ I 12 

W V = I ; exp \ — r 

r + V2m / \ V m 



(4.32) 



5 Five-dimensional AdS Kerr black holes 

The analysis persists in the case with a cosmo logical constant. The AdS Kerr metric in 
the Boyer-Lindquist coordinate is given as [7j 



9bh — o" 

p 2 



a sin 2 6 b cos 2 9 
dt — dtp — dip 



2 + ? dl * + ^.^2 

A T . A/i 



+ 



+ 



A fl sin 2 9 

~P^~ 

1 + r 2 £ 2 



(adt 



r 2 + a 2 , , s9 A e cos 2 6 1 



-#) 2 + 



(6dt 



r 2 + 6 2 



—6 



7" 2^^2 



6(r 2 + a 2 ) sin 2 9 , , a(r 2 + 6 2 ) cos 2 6> , , ' 
abdt - - ^ d(f) i ^ dip 



(5.1) 



where 



p 2 =r 2 + a 2 cos 2 + b 2 sin 2 , A r = -(r 2 + a 2 )(r 2 + 6 2 )(1 + r 2 f) - 2m 



A e = 1 - a 2 £ 2 cos 2 - 6 2 £ 2 sin 2 9 , S a = 1 - a 



2«2 



1-6 



2«2 



(5.2) 



We find that the theorem 1 is generalized as follows. 
Theorem 2. 

There exists a constant K' for a geodesic 7 satisfying 



4 fd9 x 2 



P 4 (^] +^(r) = 



(5.3) 
(5.4) 
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where 

e t = («• sin* + b> cos* 9 - W)L? + g(l^^m^) + Bj(l-tfrf^ 

sin 6 1 cos^ y 



-2£ 2 (a 2 sin 2 # + 6 2 cos 2 - a 2 6 2 £ 2 ) L t (aL + - 2ab£ 2 E a E b L (j> L i , 

-A e (a 2 cos 2 + 6 2 sin 2 0)Q - A e K' , (5.5) 

= i?_ 2 r~ 2 + i? + ^ 2 r 2 + R A r 4 + R e r 6 . (5.6) 

The coefficients are explicitly given by 

R 6 = -Q£ 2 , (5.7) 

R 4 = -L\ + 2£ 2 L t (aL^ + 6L^) - (1 + a 2 £ 2 + b 2 £ 2 )Q + £ 2 K' , (5.8) 
i2 2 = (-2(a 2 + b 2 ) + aW) L t (L t - 2£ 2 {aL <t> + bL^)) + 2ab£ 2 E a E b L (f> L^ 

+b 2 £ 2 E 2 a Ll + a 2 £ 2 E 2 b L\ - (a 2 + b 2 + a 2 b 2 £ 2 - 2m)Q + (1 + a 2 £ 2 + b 2 £ 2 )K' (5.9) 
R = (-a 4 S fe - b A E a - 3aV)L 2 + ~ 2 (6 2 - a 2 + a 2 b 2 £ 2 + 6 4 £ 2 )Lj 

+E 2 b (a 2 - 6 2 + aW + a 4 £ 2 )Lj, - 2ab£ 2 E a E b (a 2 + fe 2 )L L^, 

+2 (a 4 £ 2 E b + 6 4 £ 4 S a + 3aW - 2m) L t (aL + 

-a 2 b 2 Q + (a 2 + b 2 + a 2 b 2 £ 2 - 2m) K' , (5. 10) 
R_ 2 = -a 2 b 2 {a 2 + b 2 - a 2 b 2 £ 2 + 2m)L 2 - b 2 E 2 a (a 2 E 2 b - b 2 + 2m)L\ 

-a 2 E 2 b (b 2 E 2 a - a 2 + 2m)L% + 2a6 2 (a 2 £ 2 (a 2 E b + b 2 ) + 2mE a ) L t L^ + a 2 b 2 K' 

+2a 2 b (b 2 £ 2 (b 2 E a + a 2 ) + 2mE b ) L t L^ + 2abE a E b (a 2 b 2 £ 2 - 2m)L^ ) L i> (5.11) 



with 



Q=< 7 ', 7 '), Li={i^), z< = (5.12) 

These equations reduce to ()3.13j) and ()3.14|) when we set £ = 0. 
The special geodesies in (|4.2jl are generalized to 

+ (5 ' 13) 



with 



V(r) = (r 2 + a 2 )(r 2 + 6 2 )^ + aS a (r 2 + 6 2 )|- + 6S fc (r 2 + a 2 ) A . (5.14) 



The constants are 



Q — , Lt — —1 , Lff, — — — — , L^p — — — — , 

K = ^(a 2 sin 2 6 + b 2 cos 2 - a 2 b 2 £ 2 ) , (5.15) 

"a 1 — >b 
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for which we have 0^ = and Rg = — p 4 . 

In the same way as the Ricci flat case, Kerr-Star coordinate and Star-Kerr coordinate 
are introduced: 



V = t±T(r), *0* = 0±A(r), *ij* = ij±B(r) 



(5.16) 



where 



T(r) 
A{r) 
B(r) 



(r 2 + a 2 )(r 2 + b 2 ) 
aE a (r 2 + b 2 ^ 



dr 



r 2 A r 
b~ b (r 2 + a 2 ] 
r 2 A r 



dr 



dr . 



Then, the metric is given by 



2a sin 2 6 



(5.17) 
(5.18) 
(5.19) 



g ' BH = 9ijd *x™d *x* j + g ee de 2 T 2d Ydr ± — | drd *0* ± — drd , 

(5.20) 



where 



9tt 
9t4> ■ 
9tip : 



-l + ^-£ 2 (r 2 + a 2 sin 2 ^ + 6 2 cos 2 l 
p 2 

2masm 2 6 ^asin 2 ^ 2 2 , 

2= + 6 — ^ + ° ) ' 

P 1 — 'a 1 — 'a 

2mbcos 2 8 „ 9 bcos 2 9. , 

f £ 2 — — (r 2 + 6 2 ) , 



P 2 S fe 



sin 2 fl 

,2 



r 2 + a 2 2 sin 2 6>a 2 m 



gw = cos 9 

2abm cos 2 6* sin 2 6 



r 2 + 6 2 2 cos 2 6b 2 m 
- — + 



n 2 - 2 



p 2 H a H 6 



(5.21) 
(5.22) 
(5.23) 
(5.24) 
(5.25) 
(5.26) 



In this coordinate system, the special geodesies (|5.13|) reduce to (|4.17|) and (|4.18|) . or 
gllD) and (jUnj), with V in (ETTIJ) and A r in Q . 

We now describe some curvature property of the AdS Kerr black hole. Let us introduce 
an orthonormal frame {e a } (a = 1, 5): 



ei 



V 



(5.27) 
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e 4 = ^- , (5.30) 

p or 

65 = — 50- (5 ' 31) 



The vector field V is given by (|5.14|) . and 

W = ^sm'9^ + ^-, (5.32) 
^ a at d(f) 

Z = — sm 2 6—-—cos 2 9—, 5.33 
z a dip ^ b d<p 

which satisfy (V, W) = (V, Z) = 0. The functions E a , £{, and F are defined by 



S a = A /r 2 + ^a 2 , ± b = Jr 2 + ^b 2 , (5.34) 



and 



! ' ' % + H,)S a S b + JA e r 2 p 2 + ~A> 2 - b 2 ) 2 ± 2 a £ 2 b I , (5.35) 



with 



(fi 2 ) 2 = S 6 V + (a 2 ^-6^ , (5.36) 

(fi 3 ) 2 = S^r 2 - (a 2 E 2 - 6 2 S 2 )(1 - £ 2 p 2 ) sin 2 9 + a 2 ± a ±l(E a - E b f^- . (5.37) 

If we put t = 0, the equations (j5~T7jl - (fOT]l reduce to (f2~TT]l - (f2~T5]l . We consider the Weyl 
curvature W ab C( i as a linear map on two forms. The corresponding matrix W ab C( i defined 
by W ab cd = ^rW ab cd takes the form fl2~TT)il. Note that the functions I and J defined in 
()2.17|) are replaced with I and J, respectively, as^ 



, acosfltEftF-fe^yajp t 6sin^(S a F-a 2 S b )v^p 

1 = ^ ' 3 = ^ • 5 ' 38 

In general, they depend on the cosmological constant £, but the combination K 2 = I 2 + J 2 
coincides with K 2 = I 2 + J 2 , i.e. K 2 = K 2 . As special cases, we have 1 = 1 and J = J for 

"We have explicitly checked these formulae by using Maple. 
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a = b or a ^ 0, b = (a = 0, b ^ 0). We find that the eigenvalues are exactly the same as 
IjglEj - ljZSfy Thus we state as follows. 

Theorem 3. 

Five- dimensional AdS Kerr black holes are isospectrum deformations of Ricci-flat Kerr 
black holes in the sense that the eigenvalues of the Weyl curvature are preserved. 

Remark 1. 

We conjecture that the statement above is true for the general AdS Kerr black holes in all 
dimensions ^ (see appendix A for AdS Kerr black holes in four- dimensions) . 

Remark 2. 

Changing the negative cosmological constant to the positive one, £ 2 — > —£ 2 , we obtain the 
same results. 

Finally we discuss the relation between the Weyl curvature of AdS Kerr black holes 
with equal angular momenta a = b and that of Sasaki-Einstein metrics constructed in 
[T%] . According to [3], we write the five-dimensional AdS black hole metric with a 
negative cosmological constant 4A as 



g = ~^ydt 2 + + R 2 l-^d9 2 + sin 2 ddtf) + b(R) + ~ cos0# + f(R)dt\ 



2 N 



(5.39) 



where 



W = 1 - AR 2 - 2 - {52 + AJ2) ' 2mJ 



R 2 i? 4 ' 

2mJ 2 „ 1 / 5\ . « 

»= 1+ ^- s = (5 ' 40) 

The metric is parameterized by the mass m, the angular momentum J and an unphysical 
parameter 5 [15J. The eigenvalues of the Weyl curvature are calculated in the same way; 

2 : A 1 = |^ 2 + AJ 2 ), (5.41) 

2 : A 2 = -|J(5 2 + AJ 2 ), (5.42) 

2 : A 3 = ^ (2 J 2 - (S 2 + AJ 2 )R 2 + 2J V /J 2 - (S 2 + A J 2 )i? 2 )) , (5.43) 

2 : A 4 = ^ (2 J 2 - (6 2 + AJ 2 )i? 2 - 2Jy/j 2 - (6 2 + AJ 2 )# 2 )) , (5.44) 

1 : A 5 = ^ (-4 J 2 + 2(6 2 + AJ 2 )R 2 - V16J 4 - 16J 2 (5 2 + AJ 2 )R 2 + (5 2 + AJ 2 ) 2 R^j , 

(5.45) 
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2m 

(5.46) 



1 : A ; , ^ (-AJ 2 + 2(<5 2 + AJ 2 )R 2 + v/16J 4 - 16J 2 (<5 2 + AJ 2 )R 2 + (<5 2 + AJ 2 ) 2 i? 4 



where the number in the left hand side represents the degeneracy. If we introduce a new 
radial coordinate r defined by 

R* = VWTxP(r> + (p+ J * j2)3/2 ), (5.47) 

then the eigenvalues reduce to (|2.18p - ()2.23|) with 

a 2 = b 2 = — — _ . (5.48) 

(5 2 + AJ 2 ) 3 / 2 

The Sasaki-Einstein metric appears by setting 5 2 + AJ 2 = (together with an Wick 
rotation) as shown in [3]. Then the equations (j5.41|) - ()5.46|) yield 

8mJ 2 , 16mJ 2 
Ai = A 2 = A 4 = A 6 = , A 3 = , A 5 = ^g— , (5.49) 

so that the multiplicity changes at this special value of 5. Note that from (|5.47jl and 
()5.48|) this setting is not allowed in the parameterization of the metric (|5.1|) . 
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A Four-dimensional AdS Kerr black holes 

In this appendix, we briefly describe geodesies and the Weyl curvature of four- dimensional 
AdS Kerr black holes. 

The metric with a negative cosmological constant — 3£ 2 is given as 

d) Ar / , a . 9 n , , \ 2 p 2 , r, p 2 ~ sin 2 9A e ( , r 2 + a 2 \ 2 , A . 

g§L = f ( dt -- sin 2 6d(f)) + ^—dr 2 + ^—dQ 2 + — ^ [ adt — d(p) , (A.l) 

p 2 \ n J A r A e P \ - J 
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where 



p 2 = r 2 + a 2 cos 2 9 , A r = (r 2 + a 2 )(l + i 2 r 2 ) - 2mr , 

A e = 1 - £V cos 2 , S = 1 - £ 2 a 2 , (A.2) 

which is parameterized by the mass m and the angular momentum a. The orthonormal 
frame {e a } (a = 1, 2, 3, 4) is given as 

e -7fc( (r2 + fl2) ^ + a 4)' (A ' 3) 
i r . 2 „d . „d 



e 2 = ^= [a sin 2 6— + E—) , (A.4) 

v/A^osintf V 9t d<f>) ' V ; 

e 3 = - 7T , A.5 

p or 

e * = —d§- (A - 6) 

The four-dimensional version of the theorem 2 states as follows. There exists a constant 
K' for a geodesic 7 satisfying 

,*g) 2 + e, W = 0, ,*g)W) = 0, (A.7) 

u>/iere 

^2 

Q e = a 2 sin 2 #L 2 + -^^L\ + 2aZL t Ls - a 2 cos 2 #A e Q - AeAT' , (A.8) 
sin 9 v 

R e = R + R ± r + R 2 r 2 + R 3 r 3 + i? 4 r 4 + ^r 6 . (A.9) 

The coefficients are explicitly given as 

R 6 = -Q£ 2 , (A. 10) 

R 4 = -L 2 -(l + a 2 £ 2 )Q + e 2 K' , (A.ll) 

R 3 = 2m , (A. 12) 

i? 2 = -2a 2 L 2 - 2aZL t L 4> - a 2 Q + (1 + a^ 2 )^' , (A. 13) 

R 1 = -2mK' , (A. 14) 

i? = a 2 (-a 2 L 2 - ~ 2 L 2 - 2aEL t L <t> + K') , (A.15) 

withQ = (i,i), L i = (i,£ l ), ^ = (t,0). 

Next, we consider a linear map on two- forms defined by the Weyl curvature W ab c d- 
We find that the non-zero components of the matrix W ab c d with W ah c d = ^rW ab c d are 
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given as 



(a, 0) \ [c, a) 


fi o\ n ?.\ n A\ (9 (9 A\ (A ^\ 




T T 

— 1 —J 


(A *\\ 
I 1 , 6 ) 


9T —9 T 


(1,4) 


-I -J 


(2,3) 


J -I 


(2,4) 


23 21 


(3,4) 


J -I 



(A.16) 



where I and J are defined as 



I = -r(r 2 — 3a 2 cos 2 i 



J = -a cos 8(3r 2 — a 2 cos 2 



(A.17) 



It should be noted that this matrix is independent of £, and the same as the one examined 
in [S] for the Ricci-flat Kerr black hole. The eigenvalues are 



2 : Ai = -I + zJ , 

2 : \ 2 = -I - i3 , 

1 : A 3 = 21 + 2zJ , 

1 : A 4 = 21 - 2i 3 , 



(A.18) 
(A.19) 
(A.20) 
(A.21) 



where the number in the left hand side represents the degeneracy. Thus, the theorem 
3 persists in four-dimensions; four- dimensional AdS Kerr black holes are isospectrum 
deformations of Ricci-flat Kerr black holes. 
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